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We investigate the electron transport through a mesoscopic ring side-coupled with a quantum
dot(QD) in the presence of Rashba spin-orbit(SO) interaction. It is shown that both the Fano
resonance and the spin interference effects play important roles in the electron transport properties.
As the QD level is around the Fermi energy, the total conductance shows typical Fano resonance
line shape. By applying an electrical gate voltage to the QD, the total transmission through the
system can be strongly modulated. By threading the mesoscopic ring with a magnetic flux, the
time-reversal symmetry of the system is broken, and a spin polarized current can be obtained even
though the incident current is unpolarized.
PACS numbers: 71.70.Ej, 73.23.-b, 72.25.-b
Introduction: Spin related transport in semicon-
ductor systems has attracted great interest in the field
of spintronics[1], in which a variety of efforts are devoted
to use the electron spin instead of the electron charge for
information processing or even quantum information pro-
cessing. Several interesting spintronic devices have been
proposed, the most prominent one is the Datta-Das spin
field effect transistor(SFET)[2]. This proposal uses the
Rashba SO coupling [3]to perform the controlled rota-
tions of the spin of electron. Although the SFET hasn’t
been realized in experiment by now, it has been demon-
strated in experiments that the strength of the SO inter-
action is quite tunable by an external electric field or gate
voltage, which gives the SFET a promising future[4].
The quantum coherence of electron is preserved
when it is transported through a system of meso-
scopic scale. This has been manifested explicitly in
the conductance AB oscillation through the Aharonov-
Bohm(AB) interferometer[5], where an electrical charge
circles around the magnetic flux enclosed by the AB ring
and acquires an AB phase. In the presence of Rashba
SO coupling, aside from the AB effect, another impor-
tant Berry phase effect called the Aharonov-Casher(AC)
effect[6] occurs, it is due to the electron magnetic mo-
ment moving in an effective magnetic field caused by the
Rashba SO coupling. Recently, the AC effect has been
observed experimentally in electron transport through
semiconductor mesoscopic rings[7–11]. The modulation
of the conductance can be explained theoretically in
terms of noninteracting electrons[9, 12, 13]. The elec-
tron interaction effect on conductance in this Rashba SO
coupling ring has also been studied based on the Hubbard
model[14].
The electron transport through a AB ring with a QD
embedded in one arm of the ring is another interesting
topic, and has been studied extensively both in theory
and experiments[15–17]. In this case, the Coulomb re-
pulsive interaction in the QD has to be taken into ac-
count. When Rashba SO interaction is presented in-
side the QD, It is predicted theoretically that substantial
spin-polarized current or conductance can be induced by
combined effect of the Rashba SO interaction and the
magnetic flux threading the ring[15]. A flux-tunable res-
onant tunneling diode is proposed recently in the system
with the ring subject to Rashba SO interaction[18]. In
these AB ring-QD systems, the important interference ef-
fect known as the Fano resonance emerges. For electron
transport through a quantum wire with side branches,
defect levels or one dimensional rings, the Fano effect is
manifested as antiresonances in the electron transmission
coefficient[19–21]. It is also pointed out in Refs.[22, 23]
that phase fluctuations due to this kind of antiresonances
can be an important road to the emergence of decoher-
ence. By now, the Fano effect is known to be an ubiqui-
tous phenomenon observed in a large variety of systems.
One important progress in recent years is the observation
of the Fano resonances in various condensed matter sys-
tems, including an impurity atom on metal surface[24],
single-electron transistor[25, 26], quantum dot in AB
interferometer[17], etc.
In this paper we will investigate the electron transport
properties through a AB ring side-coupled with a QD,
and in the presence of Rashba SO interaction in the ring.
The geometry of this system is plotted schematically in
Fig.1. This kind of geometry has been realized in ex-
periment, and the Fano resonances in electron transport
through the ring have been observed[27]. However, the
SO coupling effects in this system haven’t been well in-
vestigated. In this paper we shall present our study on
the effects of the Rashba SO coupling on the Fano reso-
nance and the spin interference effects. It is shown that
the interplay of the spin interference and the Fano effect
greatly influence the electron transport properties in this
system.
Mesoscopic ring side-coupled with a quantum
dot: The electrons in a closed ring with SO coupling of
Rashba term can be described by the following Hamilto-
nian in the polar coordinates[28, 29]
Hring = ∆(−i
∂
∂ϕ
+ φ)2
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FIG. 1: Schematic diagram for the lattice model of two ter-
minal AB ring side-coupled with a quantum dot.
+
αR
2
[(σx cosϕ+ σy sinϕ)(−i
∂
∂ϕ
+ φ) + h.c.] , (1)
where ∆ = h¯2/(2m∗R2), R is the radius of the ring. αR
will characterize the strength of Rashba SO interaction.
φ = Φ/Φ0, with Φ being the external magnetic flux en-
closed by the ring, and Φ0 = 2πh¯c/e is the flux quantum.
One can rewrite the above 1D Hamiltonian in terms of
a lattice model in the spatial space[30].
Hring = −
NR∑
n=1
[tn,n+1;σ,σ
′
ϕ c
†
n,σcn+1,σ′ +H.c] , (2)
where n = 1, 2, · · · , NR is the lattice site index along the
azimuthal(ϕ) direction, with NR being the total number
of the lattice sites, and we assume NR = 4N .
tˆn,n+1ϕ = [t0Iˆs−itso(σx cosϕn,n+1+σy sinϕn,n+1)]e
i2piφ/NR .
(3)
Here ϕn,n+1 ≡ (ϕn + ϕn+1)/2 with ϕn ≡ 2π(n− 1)/NR,
t0 ≡ h¯
2/2m∗a2 with a being the lattice spacing. tso ≡
αR/2a is the SO hopping parameter in this lattice model,
and Iˆs is the 2× 2 identity matrix. One can introduce a
dimensionless parameter QR ≡ αR/R∆ = (tso/t0)NR/π
to characterize the Rashba SO interaction strength[30].
Now we consider the system side-coupled with a QD,
which can be described by the Anderson impurity model,
Hd =
∑
σ
ǫdd
†
σdσ + Und↑nd↓ , (4)
where ǫd is the energy level of QD, and U is the on-
site Coulomb interaction. The tunneling between the dot
level and the ring is given by
Hd−ring = tD
∑
σ
(d†σcN+1,σ + h.c) . (5)
The ring is also connected to the left and right leads with
the Hamiltonian
Hlead =
∑
k,η,σ
ǫkηa
†
kησa
†
kησ , (6)
where η = L,R. The tunneling Hamiltonian between the
leads and the ring is given as
Hlead−ring =
∑
k,σ
vkL[a
†
kLσc1,σ +H.c]
+
∑
k,σ
vkR[a
†
kRσc2N+1,σ +H.c] . (7)
It should be noted that in this lattice model the electrons
from the left and right leads only have nonzero tunneling
amplitudes to the ring sites 1 and 2N + 1, respectively.
The hybridization strength between the lead η and the
ring can be defined as Γη = 2π
∑
k |vkη|
2δ(ω − ǫkη)
Thereby, the total Hamiltonian for the system should
be
H = Hlead +Hring +Hd +Hd−ring +Hlead−ring . (8)
By the equation of motion method, one can obtain a
set of coupled equations for the retarded Green’s func-
tions(GFs) of the QD Grdσ and that of the ring G
r
iσ,jσ′ .
However due to the on-site Coulomb interaction, this set
of equations can’t be solved exactly. We will consider the
QD in the Coulomb blockade regime. In order to treat
the strong on-site Coulomb interaction in the dot level,
we use the self-consistent decoupling procedure proposed
by Hubbard[31], in which the low energy excitations in-
volved in the Kondo effect is neglected, but it can prop-
erly describe the Coulomb blockade effect. Hence it is be-
lieved to be a good approximation for temperature higher
than the Kondo temperature TK . Within this approxi-
mation, the equations of motion for the GFs have the
same structure as that of the non-interacting system, ex-
cept for that now the bare Green’s function of the QD is
replaced by
grdσ(ω) =
1− < ndσ¯ >
ω − ǫd + i0+
+
< ndσ¯ >
ω − ǫd − U + i0+
. (9)
Then we can obtain all retarded GFs conveniently by
writing the Hamiltonian in the matrix form, and numer-
ically invert the matrix[23]. As the final step, the dot
occupation number < ndσ¯ > is determined by the self-
consistent equation.
< ndσ¯ >= −
∫
dω
π
nF (ω)ImG
r
dσ¯(ω) , (10)
where nF (ω) is the Fermi-Dirac distribution function.
For the electron transport through this system, the
spin-resolved conductance at zero temperature will be
given by the transmission probability at the Fermi energy
Gσσ′ ≡ T
σσ′(ω = EF ), with the generalized Landauer
formula[32]
T σσ
′
(ω) = Tr[ΓˆσLGˆ
rΓˆσ
′
R Gˆ
a] (11)
3Results and discussions: In this section we will
present the numerical results of our calculation. We con-
sider a quantum ring with radius R = 100nm, and the
effect mass m∗ = 0.04me, where me is the free electron
mass. One can obtain the energy scale ∆ ≈ 0.1meV .
For a typical experimental accessible Rashba strength
αR = 1× 10
−11eV m, one has the parameter αR/a ≈ ∆,
therefore the dimensionless Rashba SO parameter QR =
αR/R∆ ≈ 1. In our calculation, we will take the band-
width parameters t0 = 1 as the energy unit, the param-
eter tD = 0.3, U = 1.0, the total number of ring lattice
sites NR = 40 and the Fermi energy EF = −0.52.
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FIG. 2: (a) The total conductance through the 1D ring ver-
sus the QD level ǫd for the Rashba SO interaction parameter
QR = 0.0(solid line), 1.0(dashed line), and 1.5(dotted line),
respectively. (b) The transmission probability T (ω) vs the in-
cident electron energy for the system with quantum dot level
ǫd = −6.0, QR = 0.0. The other model parameters are taken
as t0 = 1.0, tD = 0.5, U = 1.0, EF = −0.52, and φ = 0
In Fig.2(a) the linear conductance vs. the QD level ǫd
is plotted at zero magnetic flux(φ = 0), but with differ-
ent SO coupling strength(QR = 0.0, 1.0, 1.5). Without
the Rashba SO coupling(QR = 0), One can see that the
curve is dominated by two peaks around ǫd − EF ≈ 0
and ǫd −EF ≈ −U . The peaks show typical asymmetric
Fano resonance line shapes due to the interference of elec-
tron passing through the quasi-continuous states in ring
and the discrete state in the QD. This kind of antireso-
nancs are also observed in electron transport through a
quantum wire with side-branches[19], defect levels[21] or
one dimensional disordered rings[20]. It is noticed that
the Rashba SO interaction can strongly affect the Fano
resonance in this system. By increasing the Rashba SO
interaction QR, the Fano line shape change drastically,
for example, the Fano resonance with QR = 1.5 has op-
posite Fano factor than the QR = 0.0, 1.0 cases. In or-
der to better understand the electron transport through
the ring, we plot the transmission probability T (ω) vs
the incident electron energy in Fig.2 (b). The quasi-
periodic peaks in T (ω) correspond to the energy levels
in the quantum ring. Since we assume the QD level ǫd is
below the Fermi energy in the calculation, the QD is oc-
cupied by one electron, hence antiresonances are observed
in the transmission probability for electron with incident
energy ω ≈ ǫd + U . There are also other antiresonances
in the transmission probability as shown in Fig.2(b), we
will attribute them to the fact the ring is coupled with
the leads. For the system with large bias voltage between
leads, multi-levels in the ring are involved in the electron
conducting[33], therefore one may expect that the energy
dependent transmission probability in the energy range
between left and right chemical potentials are essential
to the out of equilibrium transport properties of this sys-
tem. However, we shall focus our attention on the linear
response regime in the present paper.
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FIG. 3: The spin-resolved conductance versus Rashba SO
interaction parameter for different value of dot energy level
:(a)ǫd = −0.4; (b)ǫd = −0.55, and (c) ǫd = −0.6 . The non-
spin-flip conductance G↑↑, the spin-flip conductance G↑↓ and
the spin-resolved conductance G↑ = G↑↑+G↑↓ are plotted as
dashed line, dotted line and solid line, respectively. The other
parameters are the same as those of Fig.1.
Next, we consider the conductance versus Rashba SO
coupling strength for three different values of QD level
ǫd = −0.4,−0.55,−0.6, the results are shown in Fig.3.
For the system with SO coupling but without external
magnetic flux, it still has the time-reversal symmetry. We
find the spin resolved conductances have the symmetry
G↑ = G↓, therefore only G↑ is plotted. In the presence of
SO interaction, the conductance shows quasi-periodical
4oscillations with the value of QR as the result of the in-
terference effect for electron transport through the ring.
Both the non-spin-flip G↑↑ conductance and the spin-flip
conductance G↑↓ can reach zero at some particular val-
ues of QR. In this case, totally destructive interference of
this kind of spin-resolved electron transport is achieved.
It is noticed that at some value of QR, the spin non-flip
conductance G↑↑ is zero, but with a finite spin flip con-
ductance G↑↓, therefore the ring-dot system can act as a
spin flip device. Since, the non-spin-flip and spin-flip con-
ductance obtain zero values at different position of QR,
there are always some leakage currents in this system.
It is also observed that the conductance can be strongly
modulated by the QD level, it can change from a local
maximum to a local minimum at the same value of SO
coupling QR.
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FIG. 4: The spin-resolved conductance G↑(solid line), and
G↓(dashed line) versus the threading magnetic flux φ for
several Rashba SO interaction parameters: (a)QR = 0.0;
(b)QR = 1.5; (c)QR = 3.0. The dot level is fixed at ǫd = −0.6,
and the other parameters are the same as those of Fig.1.
In Fig.4 we give the flux dependence of the linear con-
ductance at different value of QR. The conductance is
a periodical function of the enclosed magnetic flux φ.
Without SO coupling, the conductance is independent of
the electron spin. In the presence both of SO interaction
and magnetic flux, the time-reversal symmetry of this
system is broken, and the result shows the spin-resolved
conductances are spin dependent (G↑ 6= G↓). By increas-
ing SO coupling strength QR, the line shapes of conduc-
tances don’t change significantly, but it is easy to observe
that the conductance line shapes are shifted along the φ
axis. This can interpreted as that in the presence of SO
coupling, the electron acquires a spin Berry phase when
transport through the ring, which will act as an effec-
tive magnetic flux in the electron conductance. Since the
conductance line G↑ and G↓ shift differently, it indicates
that the spin Berry phases are different for spin up and
spin down incident electrons.
From the above result, one can see that it is pos-
sible to obtain a spin polarized current even the in-
cident electron is spin unpolarized. In the linear re-
sponse regime, we define the current spin polarization
η = (G↑−G↓)/(G↑+G↓). For different value of SO cou-
pling parameter QR, the calculated current polarization
η versus the magnetic flux φ is plotted in Fig.5. It is
observed that the spin polarization can achieve a value
of η ≈ 50% at some particular SO coupling strength QR
and enclosed magnetic flux φ. It is interesting to notice
that at zero bias voltage, although there are no net charge
and spin currents between the left and right leads, finite
charge and spin currents circling around the ring can ex-
ist when the ring is threaded by a magnetic flux[34]. It is
also noted that when the QD in this system is driven by
a time dependent gate, even at zero bias a charge or spin
current might be observed due to the quantum pumping
phenomena[35].
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FIG. 5: The spin polarization η versus the threading mag-
netic flux φ with Rashba SO interaction parameters: QR =
1.5(solid line);QR = 3.0(dashed line). The dot level is fixed
at ǫd = −0.6, and the other parameters are the same as those
of Fig.1.
Conclusions: In summary, we have investigated the
Rashba SO coupling effect on the electron transport
through a AB interferometer with one arm side-coupled
with a QD. It is shown that in the presence of a QD,
the Fano effect will play a significant role in the electron
transmission through the AB ring, therefore by tuning
5the QD energy level, we can modulate the total conduc-
tance of the system. In the presence of Rashba SO inter-
action in the meososcopic ring, the electron spin can be
reversed at some particular value of QR. With nonzero
magnetic flux φ enclosed, the time-reversal symmetry of
the system is broken, one can obtain a partially spin po-
larized current after the electron transport through this
AB ring, even though the incident electron is not spin
polarized. The current spin polarization can be tuned
by QD gate voltage, magnetic flux and the Rashba inter-
action strength. One may expect further experiment on
semiconductor mesosocopic ring with Rashba SO inter-
action can reveal more interesting spin interference and
Fano resonance effects.
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